Abstract -We rederive the Green-Kubo relation establishing a connection between the near-and far-field heat transfer between two objects out of equilibrium to the equilibrium fluctuations of these objects in an arbitrary environment. Employing the scattering approach in combination with the fluctuation-dissipation theorem, we generalize the previously derived Green-Kubo expression to the case of non-reciprocal objects and non-reciprocal environments.
Introduction. -In the last decade the theory of fluctuational electrodynamics has been succesfully applied to describe nanoscale heat fluxes in many-body systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . It could be shown that the heat flux between two objects can be enhanced by the presence of a third object placed in between the considered objects [1, 12, 13] . Furthermore, the heat flux can be actively tuned by adding an intermediate object [14] [15] [16] [17] [18] [19] [20] , and the heat flux can also be enhanced by coupling to the surface modes of an intermediate object or a nearby environment [21] [22] [23] [24] . In non-reciprocal many-body systems new interesting effects have been highlighted like a persistent heat flux [4, 11, 25] , a giant magneto-resistance [26, 27] , a Hall effect for thermal radiation [28, 29] , and non-trivial angular and spin momentum of thermal light [30] . It could also be shown that the coupling to non-reciprocal surface modes even allows for an efficient heat flux rectification [31] .
In such many body systems, it is still possible to establish a link between the heat flux between two objects surrounded by an arbitrary environment which can consist of many other objects and the equilibrium fluctuations in the many-body system as shown by Golyk et al. [32] within the scattering approach. This link is given by the Kubo or Green-Kubo relation [32] . To be more precise, let us consider two compact objects of arbitrary material and shape placed within an arbitrary environment as sketched in Fig. 1 . When H α/β is the total power absorbed by the two objects labeled as α and β having in general two different temperatures T α/β placed in an environment which has another temperature T b , then the mean power H α/β received by object α or β is in general finite. In global equilibrium, i.e. for T α = T β = T b ≡ T , H α/β eq must vanish. But the fluctuations do not vanish in global equilibrium in general. As shown by Golyk et al. [32] assuming that the thermal radiation fields have the Gauss property, the fluctuations in global equilibrium can be linked to the heat flux out of equilibrium. This link is established by the Green-Kubo relation
where k B is the Boltzmann constant. Note, that this relation has been derived under the assumption of "microreversibility" of the objects and the environment which means that both objects and environment are reciprocal. In this case one can use the Kubo-symmetry relation [33] 
0) eq to further simplify the Green-Kubo relation to
This is exactly the form given in Ref. [32] .
In this letter, we will generalize this Green-Kubo relation to include the non-reciprocal case by starting the derivation without making any assumption on the "microreversibility" or reciprocity of the objects and environment. Therefore, our generalized Green-Kubo relation p-1 arXiv:1909.01191v1 [cond-mat.mes-hall] 3 Sep 2019 Fig. 1 : Sketch of the considered configuration. Two compact scatterers or objects are coupled to independent heat baths which keep the objects in local thermal equilibrium at tempertures T α/β . Both objects are immersed in an arbitrary environment in local equilibrium with temperature T b . Here the environment is sketched as a cavity so that the cavity walls bring the environmental field into local equilibrium with temperature T b .
applies to all possible cases including the case of nonreciprocal objects and reciprocal environment, reciprocal objects and non-reciprocal environment etc. We show that our relation reproduces Eq. (1) only if the two objects are reciprocal and if further the environment is reciprocal.
Scattering approach. -In the following we will make use of the scattering approach together with a basisindependent representation of the electromagnetic fields and currents as used in Refs. [32, [34] [35] [36] . To make our manuscript self-consistent we will give first a brief introduction into this approach. The scattering approach starts with the Helmholtz equation [35] 
where H 0 = ∇ × ∇ × 1 and the potential of a scatterer with the permittivity tensor and permeability tensor µ occupying a volume V is defined by
Here we consider a homogeneous medium for the scatterer so that (r), µ(r) are constant within the volume of the scatterer and equal to 1 outside the scatterer so that V is only nonzero within the scatterer. The solution of the Helmholtz equation is determined by the LippmannSchwinger equation
Here E 0 is the solution of the free Helmholtz equation and G 0 is the Green tensor defined as solution of the free Helmholtz equation for a point source
Defining now the position basis by the ket vectors |r with the usual completeness
and Dirac orthonormality
and introducing the notations for vectors and tensors
G(r, r ) = r|G|r (10) we can bring the Helmholtz equation in a basisindependent form
where |0 is the zero vector. The solution given by the Lippmann-Schwinger equation is then
and can be expressed as
introducing the T-operator of the scatterer
In the remaining part of the manuscript we will consider two compact scatterers within an arbitrary environment. In this case the scattering potential consists of a sum V α + V β of the two scatterers labeled by α and β. Note that the T-operator is not just the sum of the Toperators T α/β of the two scatterers. Since in the following the environment is assumed to be arbitrary we will replace G 0 and |E 0 be the Green tensor G and the background field |E b which are the solutions of the Helmholtz equations for the considered system without the two scatterers. For example if we would consider two scatterers close to a halfspace then G and |E b would be the Green tensor and the field of the halfspace geometry, only.
Total electric field. -Let's assume that we have two compact objects α and β with scattering potentials V α/β , T-operators T α/β occupying a volume V α/β . The two scatterers are placed in an arbitrary environment. Then the total electric field |E is determined by the background field |E b and the field radiated and scattered by both objects. Hence the total electrical field can be expressed by
where G is the Green's tensor of the environment without the two objects α and β and µ 0 is the permeability of vacuum. The currents |J α/β are due to direct thermal radiation and the scattered radiation and can therefore be expressed by a fluctuational current and an induced current
Within the scattering approach the induced current can be expressed by the scattered field coming from the environment and the other object, i.e. for object α we have for example
where T α is the T-operator of object α describing the scattering and |E β is the field of the environment and object β so that
This means, that at this step we ignore any selfpolarisation of the object which might be included at a later stage by replacing polarisabilities by dressed polarisabilities. Now, since |J α and |J β are related by the multiple scattering between the objects, we can express both by means of |J fl α , |J fl β , and |E b . We obtain
and the corresponding expression for |J β . Hence, the total electric field can also be expressed by these quantities only and takes the form
where we have introduced the tensors
and the Fabry-Perot-like "denominator"
The expresssions for O α and D βα can be obtained from O β and D αβ by interchanging α ↔ β. Note, that
Equilibrium correlation functions. -Since we have now the expression for the total electric field of the two objects in presence of an environment we can determine the correlation functions of the total fields. To this end, we assume that the background field is in local thermal equilibrium at temperature T b so that by using the fluctuation-dissipation theorem, the correlation function reads [37, 38] 
where we have introduced
with
Note that we treat the fields fully quantum mechanically as operators and therefore the correlation function depends on the ordering. The above given anti-normally ordered correlation function is related to the normally ordered by the expression [37, 38] 
Therefore, we can express all relations in terms of the antinormally ordered correlation functions only. Eq. (24) can be brought in the basis-independent representation and reads
If we further assume that the fluctuating currents within the objects are in local thermal equilibrium at temperatures T α/β we obtain for the correlation functions of the fluctuating currents by using again the fluctuationdissipation theorem
where we have introduced the generalized susceptibility of particle α and β
Since |E b , |J fl α , and |J fl β are uncorrelated, the correlation function of the total field |E is just the sum of the correlation functions of these three quantities. It is easy to show that in global thermal equilibrium when T b = T α = T β ≡ T , the sum of the three correlation functions gives for the correlation function of the total field
where
is the full Green's function of the two particles placed in the environment described by G. That means our local equilibrium ansatz in the sense of Rytov's fluctuational electrodynamics reproduces the correct global equilibrium result as it should be. Hence, as already pointed out in Refs. [36] the scattering approach naturally reproduces Rytov's theory, when the correct correlation functions for the isolated objects α and β are identified.
Radiative heat transfer. -We can now determine the total power received or emitted by object α, for instance, when assuming a local thermal equilibrium of the background field and the fluctuational currents within both objects. It is given by the symmetrically ordered expression for the dissipated power in object α
where E i (r, t) and J i,α (r, t) are the i-th component of the total field and current operators in the Heisenberg picture inside object α. Here, {A, B} S = (AB + BA)/2 symmetrizes the operator product and makes sure that in the classical limit where the operators commute we arrive at the well known classical expression for the dissipated power. Now, when switching to frequency space and assuming stationarity we obtain
where E i (r) and J i,α (r) are now the i-th component of the Fourier components of the total field and current operators. As before we suppress the frequency argument for convenience. The brackets . . . denoting the nonequilibrium average are to be taken as ensemble averages for the background field and the fluctuational currents being separately in local thermal equilibrium. Using relation (27) we can reexpress the above formula in the basisindependent notation as
Here the factor (2n + 1)/(n + 1) is in some sense symbolic, because the correct temperature in the function n can only by inserted later when the non-equilibrium average is replaced by the local equilibrium averages. Since there is no correlation between the background field and the fluctuational currents this does not introduce any ambiguity, but allows us to start with a compact expression for the dissipated power in object α expressed by the operator trace. To this end, we have extended the integral over whole space which is possible because r|J α vanishes for r / ∈ V α . This allows us then to introduced the operator trace
for an operator A as defined in Ref. [35] . Inserting the expressions for the total field |E and the currents |J α and using the fact that the background field and the fluctuating currents are uncorrelated together with the above derived correlation functions in Eqs. (28) and (29) we obtain
Inserting this expression into Eq. (35) and keeping in mind that the factor (2n + 1)/(n + 1) replaces in a(T ) just n + 1 by 2n+1 at the corresponding local temperature we finally arrive at
where the transmission factors T α 1 and T α 2 describe the heat exchange between object α and the background and object β. They are defined as
The corresponding expression for H β can be obtained by interchanging α ↔ β. Note that by convention the emitted power of object α is negativ, whereas the received power is positiv. We have verified that our results are in agreement with the corresponding expressions in Refs. [32, 35] . Obviously, in global thermal equilibrium the total power emitted or radiated by object α or β vanishes as expected for equilibrium. When object β has the same temperature as object α then both transmission factors contribute equally. Since in this case there is no net heat flux between the objects α and β, but only from object α to the environment, we can define
as the transmission factor describing the heat flux from α to the background. On the other hand, when object α has the same temperature as the background then the contribution from T α 1 vanishes. In this situation, there is only a net heat flux between objects α and β so that we can identify T β→α = −T α 2 as the transmission factor describing the heat flux between both objects.
Green-Kubo relation. -The derivation of the Green-Kubo relation hinges now on the evaluation of quantities like
for all combinations of α and β for global thermal equilibrium at temperature T . To evaluate such expressions we have to evaluate fourth-order correlation functions of the total fields and the total currents. By making the assumption that the thermal radiation field has the Gauss property [39] , these correlation functions can be expressed in terms of the second-order correlation function by virtue of the moment theorem [39] . Then by switching to frequency space we can express H αβ by [32] H αβ = 2Re
As before, we introduce the basis-independent notation
Tr |E E| eq |J J| eq + |E J| eq |E J| eq n n + 1 (42) by extending the volume integrals to all space and using the operator trace. In this expression the factor n/(n+1) is well defined and evaluated at the global equilibrium temperature T . Then by inserting the expressions for the total fields and total currents where we can use the expressions for |J α/β only, depending on the volume V α/β considered in the integration. With the equilibrium expressions for the correlation functions in Eqs. (28) and (29) and again the assumption that the background field and the fluctuating currents are uncorrelated we arrive after a lengthy and tedious calculation at
By comparing this result with the expression for the power received by object α in Eq. (37) we obtain the Green-Kubo relation
This relation is not the same as in Eq. (1) derived in Ref. [32] . When defining the transport coefficents as in Ref. [32] by
so that k α β ∆T is the power emitted by object β towards object α when heating it by ∆T with respect to the environment temperature T . With that definition we can express the Green-Kubo relation for thermal radiation as
Therefore, the equilibrium fluctuations quantified by H αβ are related to both transport coefficients k α β and k β α . It is evident from the above expression that H αβ = H βα . Finally, we further find that
The corresponding expression for k 
where we have introduced the quantitỹ
We will now show that T α 2 = T β 2 if T t α/β = T α/β and G t (r α , r β ) = G(r β , r α ). To this end, we start with Eq. (48) using the fact that the trace is invariant under transposition and the cyclic permutation property. We obtain 
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